RESTRICTION OF FOURIER TRANSFORMS TO CURVES 
II: SOME CLASSES WITH VANISHING TORSION 



JONG-GUK BAK DANIEL M. OBERLIN ANDREAS SEEGER 

Abstract. We consider the Fourier restriction operators associated to 
certain degenerate curves in R d for which the highest torsion vanishes. 
We prove estimates with respect to affine arclength and with respect 
to the Euclidean arclength measure on the curve. The estimates have 
certain uniform features, and the affine arclength results cover families 
of flat curves. 



1. Introduction 

We suppose that 7 is a curve in M. d and consider the problem of obtaining 
LP — ► L q bounds for the restriction of the Fourier transform to 7. This 
problem has a long and interesting history which is described at length 
in [7] and [2J. Though we will not repeat much of that description here, 
we recall one of the main results from [2J, concerning the moment curve 
7o(i) = (t, t 2 ,..., t d ) in dimension d > 3. Write p d = d ^+ 2 . Then there is 
the restricted strong type inequality 

(1-1) (f a \f{lit))\ Pd dt) llPd < C( 7 ) ||/|| LPd ,i (Rd) , 

for all Schwartz functions / on M. d . The estimate (jl.ip is, as described in 
[2J, best possible and yields all other LP —* L q restriction results for the 
moment curve 70 by interpolation with the trivial L 1 — ► L°° estimate. It 
is natural to wonder what happens to (jl.ip when 70 is replaced by more 
general curves. If 7 : [a, b] — > M d is nondegenerate in the sense that for each 
t G [a, b] the derivatives j'(t), t"(£), • • • , 7^(t) are linearly independent, 
then the analogue of (jl.ll) is proved in [2] . But if one attempts to go further 
by dropping the hypothesis of nondegeneracy, it is easy to see that the 
exact analogues of (jl.ip and its interpolants may fail. There are then two 
possibilities which have been considered in the literature. The first is to 
"dampen" the measure dt by introducing a weight w(t) which is small where 
7 is degenerate, to replace dt with w(t) dt, and then to attempt to obtain 
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the exact analogue of (jl.ip . The second approach is to retain dt for the 
reference measure and to see what changes must then be made in order to 
obtain sharp restriction results. In this paper we explore both approaches, 
but only for 7 of the form 

(1-2) 7 ( t)= ( tj | I ...,-jtL j0 (t ) ). 

These curves are termed simple in [8] and are distinguished by the fact that 
only the highest torsion may vanish. 

Concerning the first approach, it was observed in [8] that if 7 is as in 
(jl.2p . then the correct weight w(t) is given by 



(1.3) w(t) = \^ d) (t)\^+y>. 

Then the measure w(t) dt is, up to a constant depending only on the di- 
mension, the affine arclength measure on 7. Here we have the following 
result. 

Theorem 1.1. Fix d > 2. Suppose < a < b < 00 and let 7 be of the form 
(ll.2j) where (j) is a C d function on (a, b) for which the derivatives </>',..., 4>^ 
are nonnegative and nondecreasing on (a, b) and for which cjM> satisfies the 
condition 

(1.4) (^^ 8j) y /d <A^(a±^) 

i=l 

for all s = (si, . . . , Sd) with a < s\ < S2 < • • • < s,i < b. 

Suppose 1<P< d2 d \ d + d 2 , andl-^ = ^(^pxy^- Then there is C(d, P) < 
00 so that for all g £ L p (R d ) 

(1.5) ( J" |?( 7 (t))| Q ^(t) dt) 1/Q < C(d, P) A 1 " 1 /? \\g\\ LP 

The proof of Theorem 11.11 is analogous to the proof of Theorem 1.3 in [2]. 
The range of indices in Theorem 11.11 is the range given by interpolating the 
LP d ' 1 — > L Pd estimate (jl.ip with the trivial L 1 — > L°° estimate, and it would 
be interesting to know if the endpoint result (the exact analogue of (jl.ip ) 
holds for the curves of Theorem 11.11 

In the case d = 2 it follows from [12] that the conclusion of Theorem 
11.11 holds with A = 1 (and without any additional hypotheses like (|l,4p ). 
For many interesting examples a slightly stronger condition holds where the 
arithmetic mean in the argument of <f>w on the right hand side of (jl.4p is 
replaced by a geometric mean, i.e., 

(1.6) (\{^ d) {s j )f ,d <A^ d \^/ si • • • s d . 
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It is obvious that condition (|1.6f) holds for (f>(t) = t@, (3 > d on the interval 
(0, oo); in particular fjl .6f) is satisfied with A = 1. Moreover, if for t > we 
define (po(t) = t@ for some j3 > d, and for n > 1, 

Mt)= [ (t-u) d - 1 e^p(--j^—)du, 

JO V ^n-lW^ 

then n satisfy (|1.6|) with A = 1 on (0, oo) (see ^4.3|) . This yields a sequence 
of functions which are progressively flatter at the origin for which the re- 
striction theorem holds uniformly (i.e., with constant depending only on the 
Lebesgue space indices). These two observations raise the interesting ques- 
tion of whether or not the hypothesis (|1.6|) in Theorem 1 1 . 1 1 can be dropped 
to yield, subject to </>'s being sufficiently monotone, a uniform restriction 
theorem for the curves (|1.2p . 

Regarding the second of the above-mentioned possibilities, keeping the 
measure dt, Drury and Marshall [9 J proved sharp results for classes of finite 
type curves. Here we are aiming for a result for curves of the form (|1.2|) 
which is expressed in terms of a natural geometric condition and also has a 
certain uniform feature. 

We will say that a set E in M. d is a parallelepiped if E is a translate of 
a set of the form {X^j=i tj x j : < ij < 1} where the Xj G R rf are linearly 
independent. Given 7 we shall write A 7 for the measure on 7 given by 

(d\ 7 ,f) = j f(j(t))dt. 

We denote Lebesgue measure in M. d by ma- 

Theorem 1.2. Suppose — 00 < a < b < 00 and let 7 be of the form (jl.2p 
where <f> is a C d function on (a, b) for which the derivatives (/>',..., are 
nonnegative and nondecreasing on (a, b). Suppose that a G (0, d ^ + i) \ */ 
d > 3 and that a £ (0, 1/3) if d = 2. Suppose also that the estimate 

(1.7) X 7 (E)<Bm d (E) a 

holds for some B > and for all parallelepipeds E cM. d . 
Then there is C(d, a) < 00 so that for all g G L 1+a > 1 (R d ) 

(1.8) (j\g(l{t))\ l+a dt) lKl+a) < C(d,a)BTT^ \\g\\ Ll+a , HRd) . 
On the other hand, if the estimate 

(1-9) {f a \9m)\ Q dt) 1,Q <c l ^\\g\\ LPm 

holds for some P and Q satisfying 1 — -p = then (11.7j) ZioWs /or a// 
parallelepipeds E with B replaced by C(d,p)c. 

The proof of Theorem 11.21 is analogous to the proof of (jl.ip given in [2] . 
Interpolation of (jl.8p with the trivial L 1 estimate yields the estimate (|1.9p 
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whenever 1 < P < 1 + a and \jP' = a/Q. It would be interesting to know 
whether in the generality of Theorem 11.21 the exponent 1 + a is sharp when 
a < 2/(d 2 + d) or whether there is always P(a) > 1 + a such that ()1.7j) 
implies ()1.9f) whenever 1 < p < P(a) and 1/P' = a/Q. For many concrete 
examples such improvements can indeed be obtained by rescaling arguments 
from the nondegenerate case - for this and related observations see $71 

This paper: In order to prove Theorem 11.11 we shall use the method of 
offspring curves that originated in [6], and was further developed in [8], [9] 
and [2]. The crucial technical point is to give lower bounds for a certain 
Jacobian of a change of variable, estimate (|2.4p below. The new features 
about Theorem 11.11 concern the verification of this estimate, and the techni- 
cal details are contained in £j2j The proof of Theorem 11.11 is then discussed 
in Jj3] (a reader not familiar with the method should start reading here). In 
$3] we discuss some examples to which Theorem 1 1 . 1 1 can be applied. Sections 
$5] and $6] contain the proof of Theorem 11.21 In $7] we show how Theorem 
11.21 can be extended for some classes of examples. 

2. The main technical estimate 

In this section we assume that <j> is defined on [a, b], < a < b and assume 
that the derivatives of <f> up to order d are positive and nondecreasing on 
(a,b). 

We establish some notation. For a vector x G M. d let V^(x) be the deter- 
minant of the d x d Vandermonde matrix: 

(2.1) Vd{x)= [] ( x J- x i)- 

l<i<j<d 

For h = (hi,..., hd-x) £ (R+f' 1 define «(/») G [0, oo) d by 

Ki(h)=0, Kj (h) = hi H Vhj-x, 2<j<d 

and put 

v(h) = v d (h) = V d (n(h)). 
If 7 : (a, b) — ► M. d and if a < t < b — Kd(h), we write 

d 

(2.2) r(t,h) = J2~/{t + K j (h)). 

i=i 

Following the terminology of Drury and Marshall [8j we call T(-,h), for fixed 
h, an offspring curve of 7. 

Denote by «/<*(£, h) the Jacobi-determinant of the transformation (t, h) 
T(t,h); that is 

( 2 - 3 ) ■W0=det(fj |^ ••• a£l) • 
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As in [8] it will be crucial to verify the identity 

l/d 

i=l 



(2.4) \Mt,h)\ ><Tv(h)(l[<l>W(t + Ki(h)) 



Here we prove 

Proposition 2.1. Let < a < b < 1. Suppose that <^>W zs nonnegative 
and nondecreasing on (a,b), and that for any a < si < ■ ■ ■ < Sd < b, the 
condition (jl.4[) is satisfied. Then condition (12. 4p holds with 

a = co(d)A~ 1 

for all (t, h) such that a < t < b, h 6 (0, and t + Kd{h) < b. 

The proof of Proposition 12.11 uses the following technical lemma. 

Lemma 2.2. Fix A G (0,1). Suppose 

o-i < bi < a2 < 62 < • • • < ajv < frjv- 

Suppose that, for m = 1, . . . , M, l m is a function of t = (ii, . . . , tjv) having 
one of the three following forms: 



lm \t) 



tk — tj for some 1 < j < k < N, or 
dj — tj for some dj > bj , or 
— Cj for some Cj < aj. 

Suppose that Xj £ (0, 1) and Xj < X, for j = 1,...,N. Let TZn(o, b, X) be 
the region of all t = (t±, . . . ,t]\f) S R satisfying (1 — Xj)aj + Xjbj < tj < bj 
for j = 1, . . . , N. Then 

M 



Y[ l m {t)dt N ■ ■ ■ dti 



7£;v(aAA) m ^ 



rbi rb N M 

>C(M,X) N ••• / [J^dtr-dti. 

J 0,1 J a/v ™ 1 



1 a\ J ajv m= i 

Proof of Lemma \2.2l An easy induction argument shows that it is enough 
to prove the lemma when N = 1. A translation and then a scaling reduce 
that case to the inequality 

(2.5) / H l m (t) dt> C(M, X) / l[l m (t)dt 

^ m=l ^° m=l 



where 

d m — t for some <i m > 1/A, or 
t — c m for some c m < 0. 



lm (t) 
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It is clear that (12.5(> is true when M = 0. So assume that (12. 5h is true for 
M — 1. Suppose first that at least one of the functions l m is increasing, say 
hi(t) = t — c. Then, by the inductive assumption, 

Thus 



\{ l m {t)(t - c) dfc > (1 - c) / H l m {t) 

m=l J 1 m=l 

C(M-1,X) 



1 _ C (M - 1, A) J 



dt 

l Af-l 



H l m (t){t-c)dt, 



m=l 



and this is equivalent to (|2,5|) with C(M — 1, A) instead of C(M, A). There- 
fore we can assume that l m (t) = d m — t for all m. There are now two cases 
to consider. First suppose that one of the d m 's, say djw, exceeds 2/ A. Let 
r = (1 + l/A)/2. Then 

M Af-l 

(2.6) 



l m „i aa—i 

]J lm(t)dt < d M / Yl l m (t)dt 
m=l ^° m=l 

, 1-C(M-1,A) f 1,xA ^j\ , x , 



We further estimate 

i/A Af-l . T Af-l 

l m (*)ttt < 2 / [J 

1 m=l 1 m=l 

2 r T M 

(2.7) < z -— / Z m (*) dt 

M 

J] im(t)cft 



d M -t 

2 /~ J/A 



m=l 
Af 

2 / ! " 

< 



dM -T 



1 m=l 
Af-l 



where the first inequality follows because Hi lm(t)dt is decreasing. Since 
c^Af < 2/A, we have dAf/(^Af — t) < 2. Combined with (|2.6[) and (|2.7p . this 
implies (|2.5[) if one of the c? m 's exceeds 2/A. If, on the other hand, d m < 2/A 
for all m, then the crude estimates 

i/A M 2 M 

Y[lm(t)dt< 



A M+1 
m=l 



and 

/•lA il ri/A,! \ Af (1/A-1) M+1 

y nw*)*> y ^= 



m=l 



Af + 1 
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give ()2.5p again and conclude the proof of Lemma 12.21 □ 

It will be useful to write the Jacobian J^^h) as a convolution with a 
nonnegative function, depending on the parameter h G (R + ) d_1 . 
To this end we define for hi > 

(2-8) * 2 (t;/n)=X[o,ft 1 ](t)- 

For d > 3 and i < /ii + • • ■ + /id-l we set 

no-lit, h) = {a GM^ 1 : < cji < min{/ti,i}, 

/ii + ... + < ctj < hi + ... + /ij, j = 2, 2, 

max{/ii + ... + h d _ 2 ,t} < (Jd-i <h\ + ... + h d _i) , 

and define recursively 
(2.9) 

tf rf (£; /ii, . . . , /i d _i) = / - 01 ; 0-2, • • • , <Td-i)dai . . . da d _i 

iit <h\ + • ■ ■ + hd-i; we also set vf^i; 7i) = if f > h% + ■ ■ ■ + hd-\- 

Lemma 2.3. Ze£ ^ d be as in ([2TH]) . (|2~T9"j) and /ei, /or s G M d urai/i si < s 2 < 
■ ■■ < s (i; i7d(si>--- ) s d>0) denote the determinant of the d x d matrix with 

s d-2 

columns (1, Sj, . . . , ^yy, </>'(sj)) T - 
T/ien 

(2.10) Jd{s\<t>)= I y d (u-s 1 ;s 2 -s 1 ,...,s d -s d - 1 )(f) {d )(u)du. 

J s± 

Proof. If d = 2 then the asserted formula holds since 

J2(si,s 2 ; 0) = <j>\s 2 ) - 0'(si) = / 2 0»du 



«1 



and * 2 (u- si;s 2 - si) = X[ sl , S2 ](w). 

We now argue by induction and assume d > 3. 

We first note by expanding d\ . . . d d _\J d with respect to the last column 
that 

8 S1 ... ds^Jdisu . . . , s d ; cj)) = {-l) d+1 J d -i(si, s d -i-,(t>'). 

Next observe that Jd{s\ (j>) = if s\ = s 2 and that d\ . . . dkJd(s; 0) = if 
Sfc+i = Sk+ 2 and k < d — 2. Thus we repeatedly integrate and see that 

(2.11) 

Ms; 4>) 

/S2 rs d 
... I d Sl ... ds^Jdicri, <r d -i,s d ; (f>) da d -i ...doi 
-1 Jsd-l 

/S2 rsd 
■■■ Jd-i((Ji, . . . ,a d -i;(f)')dad-i . . .dai. 
-1 ^S d _! 
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Thus by the induction hypothesis 
(2.12) J d {a;<f>) = ... / ^ d) {u) x 



J Si JSd-1 Jcri 

^d-i(u - ai;a 2 - (Ti, • • • ,(Jd-i ~ (?d-2)duda d _ 1 ...da x 
and by Fubini's theorem this can be written in the form 

Jd{s;4>)= <f>( d \u) / * d _i(n-ri;r 2 -ri,...,r d _i-r ci _2)drdu 

where Q,(u) consists of those r E for which Sj < Tj < Sj+i, i = 1, . . . c£— 1 
and ri < u < Td_i. 

We change variables t\ = si + <7j for i = 1, ...,c£ — 1, so that r G U(u) 
corresponds to a € TZd-i(u — si,h) with foj = Sj+i — Sj. Thus from the 
definition (12.91) we obtain 



J d (s;4>)= I ^d(u~ sr,s 2 - si,... ,sd - Sd-i) </> ( >(u)du 

J Sl 

which yields the assertion. □ 

Lemma 2.4. Let $> d as in (|£gD , ff2T9|) and Zei 

d 

d ■ , 

XYien Vl^ satisfies 

"t+K d (h) 



g d (t,h) = t+ - ^Ki(h). 



(2.13) / $ d (u-t;h)du>c(d)v(h) 

Jgd{t,h) 

where c(d) > 0. 

Proof. First, in order to prepare for the proof of (|2.13|) . we observe that 
(|2.1ip for the special case <fi(s) = s d /d\ gives us the formula for the Vander- 
monde determinant V d (s) = IX?=i(i0^d( s > 0) i n an dimensions namely 
(2.14) 

... I V n -i(<ri, CT n _i)do- n _i . . . dai. 

-1 JSn-l 

We now use Lemma 12.21 to establish the following inequality for all n > 2. 
Suppose that < a\ < ■ ■ ■ < a n and let 

j n— 1 - n 

Un-lip) = {x' = (xi,...,x n _i) G (M + ) n ~ 1 : -Vij > -Va t }. 

n — 1 ^-^ n 

i=i fc=i 

Then 

(2.15) / •••/ V n -x(x') ■ xu n ^(a)(x')dx' > C(n)V n (ai,...,a n ). 



0.1 J a n -i 
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To check (I2.15D . note that if Xj = (n — j)/n, then the left hand side of 
(|2.15j) certainly exceeds 

/ •••/ V n -i(x) dxn-i ■■■dxi. 

J Aiai+(1— Ai)a2 J A n _ia n _i + (1— A n _i)a n 

By Lemma [22] this expression is bounded below by a positive constant times 
the integral of V n -\ over the entire rectangle ni^i'fai, a i+i]> an d by (|2.14|) . 
that integral is equal to C(n) V n (a\, . . . , a n ). 

We shall now prove fl2. 13H . The case d = 2 is immediate since ^ 2 (' ; h) = 
X[0,hi] an d v{h\) = h\: we find that (12. 13H holds with c(2) = 1/2. Now we 
argue by induction and assume that (|2. 13j) holds if d — 1 > 2. With Sj = 
t + Kj(h) we use (|2.12p for a <fi with <j>^ {u) = 1 for u > s = (s\ + ■ ■ ■ + Sd)/d 
and (jyw (u) = for u <s. We thereby obtain 

t+n d (h) 

V d (u-t;h)du = J d {s;4>) 

9d(t,h) 

/ X{u>s}( u ) x 

d-i J <ri 

^d-i{u - ai;a 2 - cri, . . .,a d -i - fT rf _ 2 ) duda d -\ ...doi 
S2 rs d rod-i 

■ ■ / X{u>a}(u) X 

^d-i(u - ai;a 2 - oi, . . . ,cr d _i - a d - 2 ) duda d -i ■ ■ ■ d(Ti, 

where Xj = (d — j)/d. Here the inequality follows because the conditions 
Oj > XjSj + (1 — Xj)sj + i and u > a = [a\ + • • • + a d -i)/{d — 1) together 
imply u > ~s. It follows from the induction hypothesis that 

/ X{u>a}(u)^d-l(u ~ CTl J <T 2 - . . .,(T d -l - O d - 2 )du 

J (71 

> c(d - l)V d - 1 (a 1 ,a 2 , • • - ,o- d _i). 

Therefore 

^ d (u - t; h)du > c(d - 1) x 

9d{tA) 

I ■■■ V d - 1 (ai,...,a d -i)da 1 ---da d -i. 

J Aisi+(1— Ai)aa A d _ 1 s d _ 1 + (1-A d _ 1 )s d 

With Lemma O and ([2l4"|) . this yields ([233]) . □ 

Proof of Proposition \2.1l conclusion. We first observe that 
(2.16) J (t, /i) = J d (i, t + «2(fc), . . . , t + K(i (/i); 0). 



> 
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Recall g d (t, h) := Y^Lli 1 + K i( h ))/ d so that * < 9d{t, h) <t + K d {h). We 
apply firm . (ITT3I) to get 

rt+K d {h) 

J<p(t,h)> y d (u-t;h) du 

Jt(t,h) 

l-t+K d {h) 

><f>W{g d (t,h)) / V d (u-t;h)du 

Jt(t,h) 

d . , , 

>cd^(g d (t,h))v(h) >c d A- 1 (j]^(t + K i (/ i ))) 

3=1 



where we have used that <p> > is nonnegative and nondecreasing, and in the 
last estimate we have employed the hypothesized condition (|1.4p . □ 



3. Proof of Theorem 11.11 

We first note that (p satisfies condition (|1.6|) on (0, b) if, and only if the 
function s t— > satisfies condition (|1.6|) on the interval (0, 1). The desired 
estimate is invariant under the change of variable 

x i ^ 6~ 2 £ 2 , . . . , b 1 ' d x d -i, x d ) 

and thus we may replace (j) by <f>(b-). Thus we may and shall assume 

(3.1) b<l 

in what follows. We shall assume also that 4>^(t) is positive and nonde- 
creasing in [a, b] and it then suffices to prove the estimate (jl.5p with the 
interval (0,6) replaced with (a, b) and b < 1. 

Given Proposition 12. II the argument is very similar to the argument in the 
proof of the result for monomial curves in [2] , based substantially on previous 
ideas in papers by Christ [5], Drury [6] and Drury and Marshall [8], and the 
exposition will be somewhat sketchy. We aim for an estimation of an adjoint 
operator and thus will set p = Q' = Q/(Q— 1) and q = P' = P/(P— 1). Thus 
we fix p < q d = d2 +d+2 an( j ^ _ d?+d pi y ^ -^y e gjj^ji now assume that the 

condition (|2.4p is satisfied with a positive constant Co, for all (£, h) G [0, l] rf 
such that i + K d (h) < 1. Note that by Proposition 12.11 this assumption is 
implied by (|1.6I) . 

Definition. Zei 0<a<o<l ; 0<M< oo, o~ > 0, and /ei tC a fi,M{o~) 
be the class of all real valued functions 4> defined on [a, b] for which 

(i) 4> G C d {[a, b}), <p {d \t) < M for all t G [a, b], (/>, <j)',... , are nonneg- 
ative on [a, b], and 

(ii) for all h G [0, with n d {h) < b — a the inequality 

d 1 , , 

Mt,h)>av(h)(j[<^(t + Ki(h))) 
i=l 

ZioWs /or a// i such that a < t < b — n d {h). 
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Let R > 1, B R = {x e R d : \x\ < R}, and define 
(3.2) A = A(R, M, c) := sup — x 

S up sup ( f im-'-iT^Mm'tt®®^*) 1 ' 1 ' 



<t>£>Ca,b,M(°-) \\g\\ Lq ' (Rd) <i y Ja 
0<a<b<l supp(g)cBR 



Clearly A(R, M, c) is finite for each R and M, indeed in view of b < 1 
we have A(R, M, c) < C^M 1 ^' R d l q ' . The theorem is proved if we can show 
that A only depends on c,p, d; in fact we will prove that 

(3.3) A(R, M, c) < C(p, d) c- 1 ^. 



The restriction inequality 

W 



(/ mmf^dt) P <^A\\g\ 



(B R ) 



with w = |0W| 2 /W d +l)] is equivalent to the inequality 
(3-4) \\Tf\\ Lqi B R )<^A\\f\\ LP(wdt) , 
where 

Tf(x)= / f{t)w{t)e-^ x ^dt. 

J a 

For fixed h e (R + ) d - 1 let 

d 

(3.5) H(t,h) = Y[w(t + Ki(h)). 

i=l 

With 7^ = (a,b — Kd(h)) and with the convention that J ■ ■ ■ dt will mean 
fj---dt, we write 

5 ft [F](x) = y e- i{x ' r{t ' h)) F(t,h)H(t,h) dt. 

We form <i-fold products and, with the additional convention that h integrals 
are extended over the region where Kd{h) < b, write 



d „ 

U T f = H / S hindh 



where 

d 

F*(h,t)=Hf Ai) (t+K t (h)). 

i=l 

The strategy in establishing (|3.4p will be to estimate the L q / d (Bji) norm of 
IlLi T fi b y estimating the L q / d (B R ) norms of / S^fF 71 ] dh. 
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Lemma 3.1. For every h with Kd{h) < b — a the inequality 

(3.6) \\S h [FH- d -^]\\ Lq(BR) 

<d d/q '^A(Rd 3 ,M, a/d){ j \F{t,h)\ p H(t,h) 1 / d dt) 1/p 
holds for (p G /C a ,6,M(c)- 

Proof. Set h = d^ 1 Ylk=i(d ~ fyhk- A quick computation involving expan- 
sions of powers of t about the point t + h shows that 

(3.7) T(t,h) = o(/i) + d%(hf)(t + h,h) 

where o(/i) is a vector in W 1 with coordinates t)fe(h) = X^=i( K ^(^) ~ 
and t>d(h) = 0, and 2l(/i) is a d x d matrix with 

1, « = J, 



0, % > j 

0, i < d,j = d. 



Finally 7(5, h) = (s,..., ^rjr, <i>(s; h)) with 



1 d 

fc) = ^^0(s-/i + /Ci(/i)). 



i=l 



The function and the curve j(t,h) are defined on [a(h),b(h)\ C [0,1] 
where a(h) = a + h and 6(/i) = b — Kd(h) + /i. It is now crucial to note 
that for 4> £ fc a ,b,M(o~) and fixed h the offspring function <f> = (/)(■; h) belongs 
to /Cojowu^^/fi). This follows from (|2.16p . (|2.10p for the function <f>. 

Indeed the nonnegativity of ^ imply that if h € satisfies Kd(h) < 

b(h) — a(h), then 

rt+K d (h) ^ d _ 

Jft. th) (t,h) = J y d (u-t;h)-J2<t> {d Hu-h + Ki(h))du 



j=l 
d d 

i=l j=l 

d » ; j 

> ^«(/i)(n^(*-^+«dW+«iW) N 

d 1 d 

^ 5 n e (* - ^ + K ^ + 

j=i 1=1 



l/d 



1/d 
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Here the first inequality follows from (|2.10p and <fi £ JC a ,b(&)- The last 
inequality shows that (/>(•; h) £ fc a (h), 6(A) ip) ! ^ follows from the fact that 
(f>^ is nondecreasing. 

Now let gh be defined by gh{€) = + d2l(/i)£). Then because of the 

unimodularity of 2t(/i) we have ||<7/i||g' = d d l q> \\g\\ q '. Also if g is supported 
in U# then g^ is supported in the ball of radius Rd 3 (observe that all the 
entries of are at most d). 

Comparing a geometric to an arithmetic mean we see that 



6-«d(A) 



j(T(t,h))fH(t,h)^ d dt 



i/pf 



< 



rb— Ktj(A) , , i " 

/ \g(T(t,h))\ p ( J2</> id Ht + Ki(h)) 

J a KCL i=l 

b-K d (h)+h , 2 /W 2 +rfl \W 

|? h (7(«,fc))r^ w (a;/i)) 2/(<i + ) ^J 

a+h ' 

A(Rd 3 ,M,a/d)\\g h \\ q , = U d / q ' A(Rd 3 , M,a/d)\\g\\ q , . 



2/(d 2 +d) X i/ P ' 

dt 



< 



c/d 



a/d 

By duality this also implies 



□ 



We now proceed exactly as in the proof of Proposition 6.1 in [2]. We first 
have, by an application of Plancherel's theorem and the change of variable 
(t,h) ^ T(t,h) 



(3.8) 



S R , h [F]dh 



< C 



\F(t, h)H(t, h)J(t, hy 1/2 \ 2 dtdh 



1/2 



the change of variable can be justified as in [8], p. 549. 

Replacing F with FH( d ~ 1 ^ d in (|3.6|) and then integrating with respect 
to h now yields, according to Minkowski's inequality, the estimate 



(3.9) 



LI (Br) 



S h [F]dh 

<d d/q ' to' 1 A(Rd 3 ,M, c/d) J (J \F{t,h)H(t,h) 1 ~^ + ^\ p dt 



i/p 



dh. 



By analytic interpolation of (|3.9p and (|3.8p one obtains 



< C(-A(Rd\M,a/d) 
L»(B R ) ~ Vcr 



(3.10) / S R)h [F]dh 

(/(/|F(^)^,/ i) V ( U ) -/r W ^) AW/BW d/ i ) lMW 
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where < ■d < 1 and A, B, s, rj are denned by 
(3.11) 



1 - - 1 1 1 1 



Now let 
(3.12) •dip) 



s(0) g 2' ' w 2g 
4(d-l) 2(d-l 



(d + l)dj/ - 4 g - 2 

and let A p = A($(p)), B p = B($(p)), s p = and 77 = rj($(p)). Then 

f]p~ {d+ l)d/4 = 1/p and s p = q/d = (d+ l)p'/2. As G /C^m (c) we may 
use the crucial inequality J^(i) > av(h)H^ d+1 ^ 2 (t,h) and obtain 

(3.13) I y 5 h [i^dft| ie/<j ^ ) < C7 CT - ,? ( p )/ 2 (c ( 7-U( J Rd 3 ,M, C T/d)) 1 - ,3 (P)x 

/ ( /niF^^H^^^-^wi^dt)^^/,) 1 -^^^) 1 ^. 
^ j=i 

We are now in the position to apply an inequality by Drury and Marshall 
[8j for multilinear operators involving Vandermonde's determinant, see also 
[2j for an exposition. To state this let 

d 

9J[/i, . . . , f d ](t, h) := v(h)- 1 11 ft(t + Ki(h)) 

i=l 

and L^(L B ) denote the weighted mixed norm space consisting of functions 
(t,h) 1 — > G(t,h) with \\G\\ l a {lB) = {j \\G{-,h)\\^v{h)dh)y A < 00. One 
assumes that 1 < A < ^p, 1 < A < B < d +^L dA , and sets a = 2/(d + 
2 — dA). For I = 1, ... , d let Q\ denote the point in for which the j th 
coordinate is (cr.A) _1 , if j / Z and the I th coordinate is B~ l . Let H(A,B) 
be the d — 1 dimensional closed convex hull of the points Qi, . . . , Q a . Then 
the inequality 

d 

(3-14) ||3J[/i, • • • , fd]\\ L A [LB) < Cj[\\fi\\ m ,i 

i=i 

holds for all (p-\ . . . ,p d l ) e H(A,B). 

We apply this inequality to the right hand side of f)3. 13H to obtain 



S h [F]dh 



<C(d,p)a-^ p)/2 (^ca- 1 A(Rd 3 ,M,c/d)^j P Yl\\fjW 1/p \\ LP] ,i 



Li/ d {B R ) 

i-m d 
3=1 
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whenever (p^ , . . . ,p^ X ) £ £(-A p , B p ). Summing over the permutations ir S 
&d then yields 



(3.15) \\Tfi 



< 

Li/d(B R ) 



t=l 



C(d,p) tr-^(f)/ 2 (ca- 1 „4(i?d 3 , M, c/d)) * ^ JJ H/^ 1 ^ H^.i. 

3=1 



We now use applications of Holder's inequality and Christ's multilinear 
trick for the ^-linear expression YllLi Tfi, exactly as in §6 of [2]. This yields 



Id 

Tf, 



1=1 



i=l 



i=l 



Since p < q& < q this implies (for /j = /) 

(3.16) ||T/|| L , (Bfl) < 

C(d,p,g)ff-*W/ M (c<7-M(12d 3 ,M J a/d)) (1 ^ (p))/d ||/|0 (d) |^^ || 

provided that <p E ^C a 6 f° r some M < oo. Observe that from the definition 
of A we get 

„4(i?d 3 , M, c/d)) < C dyP A(R, M, c) 
and thus (|3. 16|) implies 

A{R,M, c) < C{d,p)A{R,M,c) ( - 1 -^^ d a-^/ 2d 

which by ([342]) yields ([33]) . □ 

4. Examples of curves covered by Theorem 11.11 

4.1. Condition (jl.6p (and a fortiori condition (jl.4p ) holds for <fi(t) = t@ and 
the required monotonicity of the first d derivatives holds if /3 > d — 1. 

4.2. Consider the function 0(i) = exp(— 1~@) for i > 0. Then induction 
shows that ^ d \t) = f3 d e- t ~ t~ d ^ +1 ^(l + £* =1 a iid i J/9 ) and the coefficients 
satisfies the recursive relation a^^d+i = f3~ 1 ai c ,d — ct-k-l,d(d + I — k + d/f3) 
if k < d — 1 and a^d+i = — o<i-i,d(l + d/ /3) il k = d. It is obvious that if 
^4 > 1, then condition (jl.6p is satisfied on a (small) interval (0, c(A)). 



16 
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4.3. Suppose that [Uj=i 9^j)) X/d < 9{\ / s 1 ---s d ) for < s 1 < s 2 < ■ ■ ■ < 
Sd < oo, and g is nonnegative and increasing. Set f g (s) = exp(— l/g(s)). 
Then we also have for s = (Y[i=i Sj) l / d 

d 

f g (s) = exp ( - l/g(s)) > exp ( - ([] l/g{s s )) 1 ' i ) 

3=1 

Thus if the first d derivatives of a function 4> are nonnegative and increasing 
on (0, oo) and if satisfies (]1.6p with A = 1 then the same conditions 
are satisfied by ip(t) = / *(t — u) d ~ l exp(— l/<fffl (u))du. As mentioned in 
the introduction this leads to a sequence of progressively flatter functions 
mentioned following the statement of Theorem 11.11 

4.4. Similarly, suppose that {YYj=i d^j)) 1 ^ — d[ $ s i ' ' ' s d) for < a < 
s\ < S2 < ■ ■ ■ < Sd < b. Assume also that g(s) > e if s 6 (a, b). Then 

(Hlog(g( Sj ))) 1/d <I^log( 5 ( Sj )) 
i=i i=i 

= log([] 5 ( S ,)) <log( 5 (^si •••«,*)). 
i=i 

Again if if;(t) = Jl(t - uf" 1 \og{^ d \u))du, if 4>M{s) > e and <j>W is non- 
decreasing on (a, 6) then condition (|1.6|) with A = 1 for implies ()1 .6j) with 
^4 = 1 for V- 



5. Proof of Theorem 11.21 
First assume that (|1.7p holds. We will establish (jl.8p . For A > 1 define 

r A /(x) = x (x) [ b f(t)e- iX ^^dt, 

J a 

where x is the characteristic function of a set of diameter 1. 

Definition. For — oo < a < b < oo and a > 0, lei C ai fe((j) 6e tlie class o/ 

all real-valued functions <fi defined on (a, b) for which 

(i) <fi £ C d {{a,b)) and the derivatives (p',...,(p^ are nonnegative and 
nondecreasing on (a,b), and 

(ii) the inequality 

(5.1) ^(s) - ^(t) > a^(s - t)^-^ 

holds for all s and t such that a < t < s < b. 
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With q = 1 + 1/a and for A > 1, a > and large r, define 

B = B(X,a,r):=X d ^ sup sup [|T A /|| i!( ,oo {M<i) . 

4>£C a ,b(v) ||/||l,8((a, (,))<! 

—r<a<b<r 

By duality and Lemma 15.11 below, (|1.8p is a consequence of the following 
estimate 

(5.2) B{\,o,t) < C(d,a)a*+z. 

Lemma 5.1. // (11.70 holds for all parallelepipeds E inM. d then the inequality 

B -i {s _ < ^-i) (s ) _ (<*-D (i ) 

holds whenever a < t < s < b. 
We shall give the proof in $6j 

To begin the proof of (|5.2p . fix a, 6, a, and € C a &(<r) and then define 



where our convention now is that = and is the (possibly empty) 
intersection of the d intervals (a — hj,b — hj). In what follows we will 
further simplify the notation by writing h = (hi, . . . , h^-i) and T(s, h) = 
Yl d j=ili s + With an eye to decomposing the multilinear operator M\ 
we define 



= I! \K - hj\ = hi • • • hd-i Yl \hi-h 
l<i<j<d l<i<j<d-l 

and 

i d{d+i) 



■j 



K(h) = u(h)( sup \hi — h 



'J 

l<i<j<d 

Note that IT is homogeneous of degree a -1 — d. Now, for m E Z, let 

S m = {/i G R^ 1 : 2-™- 1 < < 2~ m } 

and, following pQ, define 

M A , m (/i,--- J d )(x) = X {x) [ [ e-^^Hf^s + h^dsdh. 

J S m JZfi j = l 

We will need to observe that 

(5.3) m d _i(S m ) < C{d,a)2- m ^ a ^ l - da \ 
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By homogeneity, it is enough to check that md-i({h : K(h) < 1}) < C(d). 
Since a < 2/(d 2 + d), 

{h : K{h) < 1} C {{h : u(h) < 1} U {h : sup \hi\ < 1}, 

and so it is enough to check that 

(5.4) m d -i({h : u{h) < 1}) < C(d). 

But it follows from [8] (see (i) of Proposition 2.4 in [2]) that 

m d -i({h : < hi < ■ ■ ■ < h d -i ; u(h) < 1}) < C{d) 

and so m d _i({h : < hj ; u(h) < 1}) < C'(d). Since 

] | ||^t|-|^il|< ] | \hi - hj\ = u(h), 

l<i<j<d X<i<j<d 

(l5T4"l) follows. 

Now considerations similar to those which lead to (|3.7p show that 
T(s, /i) = t>(h) + d2t(/t)7(s + h, h) 
where o(/i) is a vector, where 2l(/i) is a matrix with entries 1 on the diagonal 

d 

r- 



and below, where h = Y^j=i hj/d, and where 



s 2 3 d - 1 



7(s, fr) = [s, — , . . . , , 4>(s, h) 

with 

I d 

(p(s, h) = -^2<f>(s - h + hj). 

i=i 

Since ()5.ip holds for <f>, it holds as well for each <p(-, h). Therefore we have 
the estimate 

x I e -iM-As,H)) fis)ds LqM < X -^B(X,a,r)\\f\\ Lq{Xh) . 



h 



Taking (|5.3[) into consideration, an application of Minkowski's inequality 
thus yields 

(5.5) ||M A)m (/i,-- - ,/d)|Ua.°°(K<i) 

d-l 

< C(d, a)\- d ^B(X, a, r) 2 -™[(<*-lW(l-^)] ^ "Q 

j=x 

where || • \\ q stands for the norm in L q (a,b). 

Let J(s, h) stand for the absolute value of the Jacobi-determinant of the 
transformation (s,h) i— ► T(s,h) (defined on {(s,h) : s £ Ih})- To obtain an 
1? estimate for m we will need the following inequality: 

(5.6) J(s,h) > c(d)a- 1/a K(h). 

This inequality follows from (|5.ip and the next lemma whose proof is given 
in g6l 
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Lemma 5.2. Suppose the inequality 

(5.7) c (s - t) p < ^ d -V ( s ) - cj)^- 1 ) (t) 

for some p > and for a < t < s < b. Then there is also the inequality 

\hi — hj\ 

i<3t " 

whenever s £ Z^. 

Now the transformation (s, h) \— * T(s, h) is at most d\ to one a.e., so 

d 



c(d)cu(h)( sup \h{ — hj\\ < J(s,ti) 

H<i<7<d ' 



\\M^ m (h,...J d )\\h m <d\ [ [ \flfj{s + hj) 

J Sm Jl-h j = \ 

Applying f)5.6j) and recalling (|5.3p . we obtain 

(5.8) ||Mx iTn (/i, • • • ,fd)\\L^(Rd) 



2 1 

— — Trds dh. 
J(s, h) 



< C(d, a) \- d ' 2 o l ' 2a 2 m H-(2^iH/[2(i-^)] \\f d \\ 2 J] 11/,-IU. 

3=1 

Interpolating the estimates (|5.5p and (|5.8p yields that 
(5.9) ||M A , m (/ l5 ■ • • ,f d )\\ Lq/d , c 



with 



d-i 
3=1 



1- (2d - l)a , . 

5(a) = — £ 0,1 . 

1 — a 



If one uses Bourgain's interpolation argument in [3] (see also the appendix 
of [4j) then one actually obtains an estimate for the sum M\ = Yl m ^A,m> 
namely, 

(5.10) \\M X (A,--- ,/ d )|| LgMoo(Rd) 

d-l 

< C(d, a) \- d ' 2 li a^V^ B(A, a, r) 5 ^ ||/ d || ?M1 J] ||/,-|U. 

3=1 

To arrive at (|5.10p it suffices to prove this bound for f d = xui the character- 
istic function of a measurable set U. One then uses (|5,8p to estimate the size 
of the set where | X^2 m </3 ^A,m(/lj • • • > /d-i; Xu)\ > s, and one uses (|5.5p to 
estimate the size of the set where | X^2 m >,3 M\,m(/i> • • • > /rf-ij Xc/) I > s ! nere 
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(3 > will be suitably chosen. This leads to 
m d ({x : |^Mx, m /(ic)| > 2s}) 



< \- d \U\ C(d,a)*s-''B(\,<r,r)*/r S ^]l\\fi\\l 



d-l 



i=l 



d-l 



n r, i / (l-(2d-l)ct r 

+ C(d,a) 2 s- 2 a l / a (3 1=- J] II/, 



*lloo 



1=1 



and the estimate (|5.10p follows by choosing the optimal f3. (|5.10p gives 



(5.11) I!]} 7a/, 



3=1 



id' 



< C(d, a) \- d2 /i a^D/d-") fi(A, a, rf W ||/i || f>1 J] ||/, IU, 



J =2 



and if we take for all fj the same characteristic function of a set we also get 
(5.12) \\T x f\\ goo < C(d,a)X~ d ^^ d - 1 ^ d - da ^B(X,a,r) 5 ^ d \\f\\ qA . 



Now fix an integer N > q. Applying a version of Holder's inequality (see 
(2.1) in [2]) and permuting the functions, (15.111) and (|5.12|) yield 



N 



Lq/N,c 



N 



< c(d, a) \- Nd i« a m.d-i)/(d-d a) B(Aj ffj r) jv« ( «)/d -q ii^i^ 

when (gj -1 , • • • , qjj 1 ) is one of the N points Qj in defined as follows: Q\ 
is the point with the first component d/q, the next d — 1 components 0, and 
the remaining N — d components equal to 1/q; Q2 is obtained by shifting 
the components of Q\ to the right by one and moving the last component 
to the front; etc. Here L 00 ' 1 should be interpreted as L°°. Applying Christ's 
multilinear trick (for multilinear operators with values in the quasi-normed 
q/iV-convex space L q / N '°°, see Proposition 2.3 in [2] and also [H]), these 
estimates yield 



N 
3=1 



N 



< C(d, a) \~ Nd /l a N(d-l)/(d-da) B{K ^ r) NS(a)/d "Q y^ r 

3=1 
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when (q7 , ■ ■ ■ , q^ 1 ) is in the interior of the convex hull S of Qi, ■ ■ ■ ,Qn 
and when the rj £ [1, oo] satisfy ^^=iV r j = N/q. Note that the point 
{1/q, • • • A/q) is the center of S. Hence, taking fj = f and qj = rj = q, we 
obtain 

\\T x f\\ Lq ,oo m <C(d,a) \- d '^ a^^ d - da ^ B{\a,r) s ^' d \\f\\ Lq . 

Therefore, by the definition of B(X,a, r), we have 

B{X,a,r) < C(d,a)a (d - 1)/(d - da) B{X,a,r) s ^/ d . 

Recalling the definition of 6, some algebra yields (I5.2p . Thus (|1.8j) is estab- 
lished. 

Now for the converse, we assume that (jl.9jl holds with 1/P' = a/Q and 
will show that ([12]) holds with B replaced by C(d,p) B. Fix an / e C c °°(M d ) 
with / nonnegative and equal to 1 on [0, l] d . Consider a parallelepiped 

d 

E = Xq + { t 3 x 3 < tj < 1} 

i=i 

and fix a linear isomorphism T of M. d which satisfies 

d 

T([0,l] d ) = {Y,t J x J :0<t J <l}. 
3=1 

Let g be defined by g{x) = f(T~ 1 (x — xo)) so that g is nonnegative and equal 
to 1 on E . Then a computation shows ||5||x,- F> (R d ) = m d{E) l l p ' H/Hx^ 
If (fL9j) holds then it follows that 

AC^VQ < (j'\g( 7 (t))\Q d t) 1/Q < BT imd {EYl p ' \\f\\ L P m . 

Since = a/Q this yields (|1.7p with B replaced by ll/ll^p™^ B and 

therefore completes the proof of Theorem 11.21 

6. Proofs of Lemma [57T1 and Lemma [5721 

Proof of Lemma 15.11 Write s = t + h and let be the parallelogram 

in M 2 with vertices 

P 1 = (t,^ d - 2 \t)), P 2 = Pi-pe 2 

Pz = (t + h,^ d - 2 \t + h)), Pi = p 3 + pe2 

where p = h(p (d -^ (t + h) + ^ (d ~ 2) ( t) - ( d ~ 2) ( t + h) > 0, so that (t + h) 

is the slope of the line segments -P2-P3 and P1P4. Then (as a sketch will 
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show) 

'■t+h 



/t+n 
(0(*- a )(t) + + h){s-t)- ^ d - 2 \s)) ds 

(6.1) 



2 {^ d - l) {t + h)-^ d - l) {u))duds 



t Jt 

t+h r s 



<2 {^-^{t + Wj-^-^^duds 

Jt Jt 

= h 2 {^ d ~ l \t + h)-^ d - l \t)). 



We now prove the following 
Claim: For 2 < k < d, 

(6.2) {^ d -V{s):t<s<t + h}c 



{e d - k } x E d _ k , 2 < k < d - 1, 
Eq, k = d, 



where {ej, . . . , e^} is the standard basis in M d and -E^-a,. is a parallelepiped 
in M fc with 



(6.3) m k (E d - k ) < h-^~ [&*-V<t + h)- ^(t)). 

The above calculation (|6.ip verifies this claim for k = 2, and all d > 2. 
We argue by induction on fc and assume 3 < k < d and that the induction 
hypothesis is true for k — 1. 

Now suppose s G [t, t + /&]. Then 

7 (*-k) ( s ) _ 7 («*-*) ( t ) = f 7 (d-fe+l) ( n ) du 



belongs to 

O d -k x (s - t)({e d _ fe+ i} x E d _ k+ i) 

C 0<f-fc x {u(l,x) £lx M* -1 : < u < h,x G £<f-ifc+l} 

where Od-k denotes the origin in W d ~ k and where Od-k is omitted if k = d. 
Let xq be any point of Ed-k+i in The set 

Ed-k ■= {0-,x) - v(l,x ) : x G Ed-k+i, < v < 1} 

is a parallelepiped in M fc which satisfies m k {Ed-k) = m.fc_i(-Ed-fc+i), which 
contains and {(1, x) : x G Ed-k+i}, and which therefore (by convexity) 
contains 

{u(l,x) : < u < 1, x G .Ed_fc + i}. 

Thus, with 

£ d _ fe :={(*,..., I Sy T , (d " fc) (t)) + «y : < u < h, ye E d - k }, 
we have 

{^ d - k \s) : t < s < t + h} C X ^ 3 " ^ < d ' 
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where E d - k is a parallelepiped in M. k and 

m k {E d _ k ) = h k m k -i(E d _ k+x ). 

Since m fc _i(E d _ fc+ i) < h (k ' 1)2+ ^~ 1) ' 2 ^(d-i)^ + h }_ 0(*-i)(f)) we also ob- 
tain 

m k (E d _ k ) < h^i^it + h) - ^(i)) 

and the claim is proved. 

Finally, if we apply the claim for k = d and note that A(-Eo) > h, (|1.7p 
yields the conclusion of the lemma. □ 

Proof of Lemma 15.21 We begin by noting an inequality for the Vander- 
monde determinant (|2.ip . namely, if 5 > and t\ < ■ ■ ■ < t n then (with 
u = (ui, . . . ,M„_l)) 

r*2 rts rt n 

(6.4) / / • • • / V n -x(u)(u n -\ - ui) s du n -i ■■■dui 

J tl Jt2 J t n -\ 

> C{n)V n {t l ,...,t n ){t n -t 1 ) 5 . 
To see (|6.4h . we observe that the left hand side is bounded below by 

"(*l+*2)/2 rtz ftn-1 rtn 



V n -i(u){u n ~i - ui) s du 

t 1 Jt2 Jtn-2 J (tn-l+*n)/2 

/f —f-,\6 /•(*i+*2)/2 rt 3 rt n ~i pt n 

> ^ / / •••/ / Vn-l{u)du. 

Now we also use (|2.14j) . and together with the estimate 

r(ti+t 2 )/2 rtn n - 2 

/ / {u n -i - ui) - ux)(u n -x - Uj)] du n -xdui 

Jt\ J (t n ~i+t n )/2 _2 



> - 

- 4 



2 rt2 rt n n 2 

-/ / (u n _l - Ul) \\[{Uj - U\)(u n -l - Uj)) du n -l du\, 

J t\ J tn — 1 j—2 



this yields ([5"^|) . 

Now assume that the inequality (|5.7|) holds if a < s < t < b and let 
Jkih,...,^;^-®) be defined as in Lemma (|2.3p . i.e., as the determinant 

of the k x k matrix with columns (1, tj, . . . , ( fc J _ 2 )i ; (t> ( - d ~ k+1 {tj)) T ■ We will 
show that if 2 < A; < <i and a < ti < ■ ■ ■ < t k < b, then 

(6.5) J fc (*! . . . ,i fc ; c/^) > c(fc) c V fc (ii, . . . ,t fc ) (t fc - ii)"" 1 . 

By choosing {tj} to be a nondecreasing rearrangement of {s + hj}, the case 
k = d of (|6.5p will imply Lemma [5. 2 i If = 2 then (|6.5p follows immediately 
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from (|5.7p . So, proceeding by induction, assume that (|6.5|) holds for k — 1. 
By ([231]) 

^((ti,...,**;^*-*)) 



•/ti Jtk-i 



By our inductive assumption this exceeds 

c(k-l)c ... Vfc_i(cri, . . . ,o-fe_i)(o-fe_i - cJi) p_1 (io-fc_i • • -dtri 

and so (|6.4p gives (|6.5p , completing the proof of Lemma 15.21 □ 

7. Further results 

In this section we gather some results about Fourier restriction with re- 
spect to Euclidean arclength measure on curves, mainly focusing on degen- 
erate homogeneous curves. For related arguments see |12| . |13j . [8]. 

7.1. Homogeneous curves. The following result follows by rescaling tech- 
niques from the result in [2] on nondegenerate curves (analogous to (11. 
Let 

(7.1) 1 {t) = {t a \t a \...X d ) 

where d > 3, and — oo < a\ < a 2 < • • • < a d < 00, and a» ^ 0, i = 1, . . . , d. 
We let 1Z be the Fourier restriction operator, setting 1Zf(t) = f(j(t)). Let 

D = ai + a 2 H \- a d 

be the "homogeneous" dimension and assume D > d(d+ l)/2. 

Proposition 7.1. £e£ = ^gq^jp and 7 as m (17-lh . TTien 7?. is of re- 
stricted weak type (p d ,p' d /D), 



(7-2) \\T^f\\ L p' d /D,oc^ < C(ai, . . .,On)\\j \\ LPd , 

Proof. Define 

{n k f)(t) = f{ 1 (t))xi k {t) 

where I k = [2- fc-1 ,2- fc ]. We may use the nonisotropic dilations adapted to 
the curve to rescale the result in the nondegenerate case (Theorem 1.1 in 
[2]); we obtain 

(7.3) \\n k f\\ LPd[dt) < C2 k[iD+m -^ ) - 1] \\f\\ LPdA{Rdy 

Let D = d{d + l)/2 and fix < q < p'jD. Since l/q > D/p' d > D /p' d = 
1/pd, by Holder's inequality the last estimate implies 

(7.4) \\n k f\\ Lqo{dt) < C2- k[ ^- D{1 -^ )] \\f\\ LPd , HRd) . 

Since (D + l)/ (p' d ) — 1 > (Do + 1)/ (p' d ) — 1 = 0, an application of Bourgain's 
interpolation lemma to (|T.3|) and (|7.4p gives the assertion. □ 
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7.2. An improvement. For some very specific classes we can improve the 
second Lorentz exponent on the left hand side of (|7.2p . 

We now suppose the stronger restricted strong type estimate 

(7-5) U^/IUm*) < C||/|| w>1 

where wdt is affine arclength measure. Assume that 

(7.6) l/w G L s '°°(dt) 

for some s G (0, oo). Define q by 

(7.7, i = i + -L. 

q Pd sp d 

Then as in [8] one can use the Lorentz space multiplication theorem (Theo- 
rem 4.5 in [TO]), and it follows that 

w\\ = mfW /Pd -^- 1/Pd \\L^ d{d£) 

< c\\{nf)w l,Pd \\ L v d ( dt ) [Iw-^IU^.-^) = cww- 1 ^^ \W\\ LPd{wdt) . 

Hence (|7.5p and (|7.6p imply that for q as in (|7.7p 

(7.8) \\nf\\ L ** m < c\\f\\ Pd>1 . 

Corollary 7.2. Let j(t) = (t, t a , t 5 "" 1 ) m'tfi q > 1. Then K maps L 7 / 6,1 
boundedly to L 7 A 6c *>' 7 / 6 . 

Proof. Note that D = 6a > 6 = Z?o- Also one computes w(t) = c(a)i a_1 
with c(a) / so that G L s '°° for s = l/(a - 1). By Theorem 1.4 in [2] 
it follows that (|7.5p holds with ^3 = 7/6, so that the assertion follows. □ 



7.3. L p — * L q bounds. Finally, let us suppose that, instead of (j7.5|> . the 

estimate 

(7.9) \\nf\\ LQ{wdt) < C\\f\\ p 

holds for 1/p+l/ {DqQ) = 1, and l/w G L s '°°(dt) with 1 < p < p d and some 
s G (0, oo). Then an argument similar to the one given above together with 
an interpolation show that 

\\Kf\\ L «,P {dt) < C\\f\\ p 

for 1 < p < p d and 

1 + s _ i 
p (s + l)D q 



26 



RESTRICTION OF FOURIER TRANSFORMS TO CURVES, II 



References 

[1] J.-G. Bak, S. Lee, Estimates for an oscillatory integral operator related to restriction 

to space curves, Proc. Amer. Math. Soc. 132 (2004), 1393-1401. 
[2] J.-G. Bak, D. Oberlin, A. Seeger, Restriction of Fourier transforms to curves and 

related oscillatory integrals, to appear in Amer. J. Math. 
[3] J. Bourgain, Estimations de certaines fonctions maximales, C. R. Acad. Sci. Paris 

Ser. I Math. 301 (1985), no. 10, 499-502. 
[4] A. Carbery, A. Sccger, S. Wainger and J. Wright, Classes of singular integral operators 

along variable lines, J. Geom. Anal. 9 (1999), no. 4, 583-605. 
[5] M. Christ, On the restriction of the Fourier transform to curves: endpoint results and 

the degenerate case, Trans. Amer. Math. Soc. 287 (1985), 223-238. 
[6] S.W. Drury, Restriction of Fourier transforms to curves, Ann. Inst. Fourier, 35 

(1985), 117-123. 

[7] , Degenerate curves and harmonic analysis, Math. Proc. Cambridge Philos. 

Soc. 108 (1990), 89-96. 
[8] S.W. Drury, B. Marshall, Fourier restriction theorems for curves with affine and 
Euclidean arclengths, Math. Proc. Cambridge Philos. Soc. 97 (1985), 111-125. 

[9] , Fourier restriction theorems for degenerate curves, Math. Proc. Cambridge 

Philos. Soc. 101 (1987), 541-553. 
[10] R. Hunt, On L(p,q) spaces, Enseignement Math. 12 (1966), 249-276. 
[11] S. Janson, On interpolation of multilinear operators. Function spaces and applications 

(Lund, 1986), 290-302, Lecture Notes in Math., 1302, Springer, Berlin, 1988. 
[12] P. Sjolin, Fourier multipliers and estimates of the Fourier transform of measures 

carried by smooth curves in R 2 , Studia Math., 51 (1974), 169-182. 
[13] CD. Sogge, A sharp restriction theorem for degenerate curves in R 2 , Amer. J. Math. 
109 (1987), no. 2, 223-228. 

J. Bak, Department of Mathematics and the Pohang Mathematics Institute, 
Pohang University of Science and Technology, Pohang 790-784, Korea 
E-mail address: bak@postech.ac.kr 

D. M. Oberlin, Department of Mathematics, Florida State University, Tal- 
lahassee, FL 32306 

E-mail address: oberlin@math.fsu.edu 

A. Seeger, Department of Mathematics, University of Wisconsin-Madison, 
Madison, WI 53706, USA 

E-mail address: seeger@math.wisc.edu 



